THEORY OF SQUARE-LIKE ABELIAN GROUPS 
IS DECIDABLE 



OLEG BELEGRADEK 

Abstract. A group is called square-like if it is universally equivalent to 
its direct square. It is known that the class of all square-like groups ad- 
mits an explicit first order axiomatization but its theory is undecidable. 
We prove that the theory of square-like abelian groups is decidable. This 
answers a question posed by D. Spellman. 



Introduction 

A group G is called discriminating if every group separated by G is 
discriminated by G. Here G is said to separate (discriminate) a group H 
if for any non-identity element (finite set of non-identity elements) of H 
there is a homomorphism from H to G which does not map the element 
(any element of the set) to the identity. A group G is discriminating iff G 
discriminates G 2 1 . In particular, if G embeds G 2 then G is discriminating. 

A group G is called square-like if the groups G 2 and G are universally 
equivalent. Any discriminating group is square-like j3j. The notions of 
discriminating and square- like group were studied in ^|31l3EllElI3IHlini- 

The class of square-like groups is first order axiomatizable jSJ, and the 
theory of the class is computably enumerable; an explicit first order axiom 
system was suggested in (21 |H] , and also presented in |Hj . In square-like 
abelian groups were characterized in terms of Szmielew invariants. 

The subclass of discriminating groups is not first order axiomatizable 5 . 
Every square-like group is elementarily equivalent to a discriminating group 
[7] ; so the class of square-like groups is the axiomatic closure of the class 
of discriminating groups. 

The theory of square- like groups is undecidable [31 Ej. The argument 
in [7j is based on the obvious observation that any group embeds in a dis- 
criminating group, and so the universal theory of square- like groups coincide 
with the universal theory of all groups. The latter is undecidable because 
there exist finitely presented groups with unsolvable word problem. In [3] 
a discriminating group that interprets the ring of integers is constructed; 
any theory that has the group as a model (and, in particular, the theory of 
square-like groups) is undecidable. 
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The main result of the present paper is that the theory of square-like 
abelian groups is decidable. This answers a question posed by Dennis Spell- 
man |12j . As a byproduct, we found characterizations of discriminating and 
square-like Szmielew groups. 

1. Preliminaries 

Here we collect some known definitions and facts we will use in the proofs. 

Fact 1.1. 1, Proposition 1] A group G is discriminating iff 'G discriminates 
G 2 . In particular, G is discriminating if G embeds G 2 . 

Fact 1.2. ^ Proposition 2] The direct product {restricted or not) of any 
family of discriminating groups is a discriminating group. 

Fact 1.3. 1, Proposition 3] Any torsion-free abelian group is discriminating. 

Fact 1.4. [1J Lemma 2.1] Any discriminating group is square-like. 

Fact 1.5. 5, Theorem 3] The class of square-like groups is first order axiom- 
atizable. 

Fact 1.6. 3 ( Proposition 3.5] Any End(G) -invariant subgroup of a discrim- 
inating group G is trivial or infinite. 

Let A be an abelian group. For a positive integer n we denote 

nA = {na : a £ A}, A[n] = {a G A : na = 0}, 

and write 5(A) for the largest divisible subgroup of A. We write n^4[A;] for 
(nvl)[/c]. The subgroups nA, A[n], nA[k], and 6(A) are End(A)-invariant. 
We write A^ for the direct sum of k copies of A. 

We write Q for the additive group of all rational numbers, and Z( p ) for 
the additive group of rational numbers with denominator not divisible by a 
prime p. We write Z(n) for the cyclic group of order n, and Z(p°°) for the 
Priifer p-group. 

A Szmielew group is defined to be an abelian group of the form 

(*) [0 Hp n ) {Kp ' n - l] ® Z(p°°) {Xp) © zjg°] © qM 

p prime n>0 

where K Pjn _i, A p , fi p , v are cardinals < u. 

For a prime p, we call a Szmielew group of the form 

%(p n )^-^ © Z(p°°)^ © z^ p) © qM 

n>0 

a p- Szmielew group. 

Fact 1.7. Lemma A. 2. 3] Every abelian group is elementarily equivalent 
to a Szmielew group. 
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Let p be a prime, and n,k < u>. Let 5>fc(p, n) and <fr k (p, n) be the sentences 
that say about an abelian group B that 

dim p (p n B[p]/p n+1 B[p}) = k and dim p (p n B[p]/p n+1 B[p}) > k, 

®k(p> n ) an d @ k {p, n) be the sentences that say that 

dim p (p n B[p\) = k and dim p (p n B\p\) > k, 

Tk(p,n) and T k (p, n) be the sentences that say that 

dim p (p n B/p n+1 B) = k and dim p (p n B/p n+1 B) > k, 

Afc(p, n) and A k (p, n) be the sentences that say that 

\p n B\ = k and \p n B\ > k. 

The sentences defined above are called the Szmielew invariant sentences. 
Note that \B\ = k and \B\ > k can be expressed as A/%(p, 0) and A k (p, 0), 
for any prime p. 

Fact 1.8. [Ill Section A. 2] If A is the Szmielew group (*) then 
A\=® k (p, n) iff Kp 7 n = k, 
A^$ k (p,n) iff n Pi n > k, 

A. |= Qk(p, n) iff X p + K pjn + K Pjn+ i H = fc, 

yl |= r fc (p, n) ijff /i p + K P)n + K Pi n+i H = k, 

A \= T k (p, n) iff fip + K P)n + n p , n+ i H > fc. 



Fact 1.9. jlll Theorem A. 2. 7] Every sentence of the first order language 
of abelian groups is equivalent, modulo the theory of abelian groups, to a 
positive Boolean combination of Szmielew invariant sentences. 

Fact 1.10. 11, Theorem A.2. 7] Two abelian groups are elementarily equiv- 
alent iff they satisfy the same Szmielew invariant sentences. 

Abusing terminology, we call a sentence of the language of abelian groups 
consistent if it is true in some abelian group. By Fact 11.71 a sentence is 
consistent iff it holds in some Szmielew group. 

Fact 1.11. jlll Theorem A. 2. 8] There is an algorithm that, given a finite 
conjunction of Szmielew invariant sentences, decides whether it holds in 
some Szmielew group. 

FactslHfland lLTTl are main ingredients of a proof of the Szmielew theorem 
on decidability of the theory of abelian groups; actually, they immediately 
imply the result. Indeed, given a sentence (ft, by Fact 11.91 and computable 
enumerability of the theory of abelian groups, we can effectively find a pos- 
itive Boolean combination 9 of Szmielew invariant sentences that is equiv- 
alent to —>(f), modulo the theory. A sentence 4> is not in the theory iff 9 is 
consistent; the latter can be effectively checked, by Fact 11.111 
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We will use a similar method in our proof of decidability of the theory of 
square-like abelian groups. 

2. Discriminating and square-like Szmielew groups 

Let A be the Szmielew group (*). For a prime p, let I p = {n : K p>n -i > 0}. 
In case when the set I p is finite and nonempty, l p denotes its maximal 
element; clearly, K Pt i p -i > 0. 

Proposition 2.1. The following are equivalent: 

(1) A is discriminating; 

(2) for any prime p one of the following holds: 

(i) X p = u), 

(ii) X p = 0, and if I p is finite and nonempty then k p j p —i = u). 

Proof. (1)=>(2). Suppose (1). Let p be a prime. The subgroup 5(A) n A\p] 
is End(j4)-invariant, and hence is trivial or infinite, by Fact 11.61 Then X p 
is or to. Suppose A p = 0, and I p is finite and nonempty. Then the 
End(A)-invariant subgroup p lp ~ 1 A{p] is nontrivial and hence infinite, again 
by Fact 11.61 Then K p j _j = u. 

(2)=>-(l). Suppose (2). Then for any prime p the group 

0Z(p ,l )(^- 1 '®Z(p oo )W 

n>0 

embeds it square. So A = B(BC, where B embeds B 2 , and C is torsion-free. 
By Facts 11.11 II. 3| and II. 2\ A is discriminating. □ 

Proposition 2.2. The following are equivalent: 

(1) A is square-like; 

(2) for any prime p one of the following holds: 

(i) A p = lo, 

(ii) A p = 0, and if I p is finite and nonempty then k p j p -i = oj, 

(iii) < Ap < uj, and I p is infinite. 

Proof. (1) (2). Suppose (2) fails. Then, for some prime p, (i), (ii), (iii) 
all fail. There are two possibilities: 

(a) Ap = 0, the set I p is finite, nonempty, and K p> i -i < u), 

(b) < Ap < u, and the set I p is finite. 

Suppose (a). Let k = k Pi i p -\. We have 

\p l ?- l A[p}\ = p K , Ip'"" 1 ^^]! = p 2K . 

Suppose (b). Put I = l p if I p ^ 0, and / = otherwise. We have 

\p l A\p] | = p Xp , \p l A 2 [p] | = p 2Xp . 

For any positive integers s and t there is an existential sentence that says 
about an abelian group B that |sB[p]| > t. Therefore in both cases (a) and 
(b) the groups A and A 2 are not universally equivalent, and so (1) fails. 
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(2) => (1). Suppose (2). Let A' be the Szmielew group obtained from A 
by replacing 

n>0 

with 

n>0 

for allp satisfying (3). Then A' is discriminating, by Proposition 12, 11 Hence 
A' is square-like, by Fact 11.41 It is easy to check that A and A' satisfy the 
same Szmielew invariant sentences; therefore, by Fact ll.lHI A = A' . Then, 
by Fact 11.51 the group A is square-like, too. □ 

Corollary 2.3. Any square-like abelian group is elementarily equivalent to 
a discriminating Szmielew group. 

Proof. Let B be a square-like abelian group. By Fact 11.71 B is elementarily 
equivalent to a Szmielew group A. By Fact 11.51 A is square-like. The argu- 
ment at the end of the proof of Proposition 12 .21 shows that A is elementarily 
equivalent to a discriminating Szmielew group A'. □ 

3. Main result 

Theorem 3.1. The theory of square-like abelian groups is decidable. 

Proof. We need to find an algorithm which, given a sentence (ft of the lan- 
guage of abelian groups, decides whether (ft is true in some square-like abelian 
group, or, equivalently by Corollary 12.31 in some discriminating Szmielew 
group. By Fact 11.91 (ft is equivalent, modulo the theory of abelian groups, 
to a positive Boolean combination 9 of Szmielew invariant sentences. Since 
the theory of abelian groups is computably enumerable, 9 can be found ef- 
fectively. We may assume that 9 is V/i^> where each 9i is a conjunction of 
finitely many Szmielew invariant sentences. So it suffices to prove 

Claim. There exists an algorithm that, given a consistent conjunction ift 
of finitely many Szmielew invariant sentences, decides whether tft holds in 
some discriminating Szmielew group. 

For a prime p, we call a conjunction of formulas of the forms 
$ fc 0,n), e fc (>,n), T k (p,n),A k (p,n), 
^ h {p,n), S k (p,n), T k (p,n), A k (p,n) 

a p-conjunction. To prove the Claim, we show that 

(A) there exists an algorithm that, given a prime p and a consistent 
p-conjunction ift, decides whether tp holds in some discriminating 
p-Szmielew group, and 

(B) the Claim follows from (A). 
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First we show (B): assuming (A), we prove the Claim. 

Let ip be a conjunction of Szmielew invariant sentences, which holds in a 
Szmielew group A. We have ip = /\ p ip p , where p runs over a finite set of 
primes, and ip p is a p-conj unction. There are three possibilities: 

(a) tp has no conjuncts of the form A/%(p, n); 

(b) ip has some conjuncts A&(p, n) and A;(g, m) with p ^ q; 

(c) V has a conjunct Afc(p, n), but has no conjuncts A/(g, m) with p ^ q. 
The following three lemmas prove (B). 

Lemma 3.2. Assume (a). The following are equivalent: 

(i) V /ioZds in some discriminating Szmielew group, 

(ii) /or a// p i/ie sentence ip p holds in some discriminating p-Szmielew 
group. 

Proof. Suppose (i). We have A = ® p A(p), where A(p) is a p-Szmielew group. 
Let p be a prime. Then A(p) Q is a discriminating p-Szmielew group, by 
Proposition 12.11 Also, A{p) ®Q\= ip p because of (a). So (ii) holds. 

Suppose (ii). For every prime p choose a discriminating p-Szmielew group 
A{p) in which ip p holds. By Proposition ^. 1\ the Szmielew group A = ® p A{p) 
is discriminating. For every p we have A \= ip p , because A{p) \= ip p and ip 
satisfies (a). Therefore A \= ip. So (i) holds. □ 

Lemma 3.3. Let B be a discriminating abelian group. 

(1) If Afc(p, n) or ~^A k (p,n) holds in B then p n B = 0. 

(2) Assume (b). If B \= ip then B = 0. 

Proof. (1) The subgroup p n B is End(B)-invariant and finite of order at 
most k. By Fact 11.61 the result follows. 

(2) By (1), p n B = q m B = 0, and hence B = 0. □ 

Thus, for any ip with (b), in order to decide whether there is a discrimi- 
nating Szmielew group that satisfies tp, we need to decide whether ip holds 
in the trivial group, which can be done effectively. 

Lemma 3.4. Assume (c). Then ip holds in some discriminating Szmielew 
group if and only if 

(i) For any q ^ p and I > 0, in ip there are no conjuncts of the forms 

$ l (q,m), @ l (q,m), r l (q,rn), $i(q,m), @i(q,rn), Ti(q,m); 

(ii) For any q^ p, in ip there are no conjuncts of the forms 

$°{q,m), e°(q,m), T°(q,m); 

(iii) the p- conjunction 

iP p /\f\{A s (p,0):s£S} 

holds in some discriminating p-Szmielew group, where S is the set 
of all s such that A s (q,m) is a conjunct of ip, for some q ^ p and 
some m. 
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Proof. First suppose that ip holds in a discriminating Szmielew group A. 
By (c) and Lemma 13.31 (1). p n A = 0, and so A is a p-Szmielew group. 
Therefore (i) and (ii) hold. Let s E S. Then for some m and g / p we 
have A \= A s (q,m), that is, \q m A\ > s. As p n A = 0, we have q m A = A; 
thus \A\ > s. Then A \= A s (p,0). So (iii) holds. 

Now suppose (i)-(iii) hold. By (iii) there is a discriminating p-Szmielew 
group A in which ip p and {A s (p, 0) : s € S} are true. We show that A\= ip. 
Since Afc(p, n) is a conjunct of ■0, we have p™^4 = 0, by Lemma 13.31 (1). As 
A is a p-Szmielew group, all the sentences 3>o(<7> m ), 0o(<Z> m ), To(q, m) with 
q j^z p hold in A. Due to (i) and (ii), it remains to show that if A s (q, m) is a 
conjunct of ip, where q ^ p, then it holds in A. Suppose not. Then q m A = 0, 
by Lemma l3.3l fl). Therefore A = 0, contrary to A \= A s (p, 0). □ 

Now we prove (A). From now on, let p be a fixed prime, and ip be a 
p-conjunction which holds in some Szmielew group A. We will show how to 
decide whether ip holds in some discriminating p-Szmielew group. 

There are four possibilities: 

(a) tjj has a conjunct Ak(p,n) with k ^ 1; 

(b) if) has a conjunct B/^p, n) with k > 0; 

(c) V nas no conjuncts of the forms Aj.(p, n) and @k(p, n )\ 

(d) tp has a conjunct Ai(p, n) or ©o(P) re )) but (a) and (b) fail. 

Lemma 3.5. // (a) then ip fails in every discriminating abelian group. 

Proof. Suppose if) holds in an abelian group B. Then \p n B\ = k ^ 1, and 
so p n B is a nontrivial finite End(i?)-invariant subgroup. Therefore B is not 
discriminating, by Fact 11.61 □ 

Lemma 3.6. // (b) then ip fails in every discriminating Szmielew group. 

Proof. Suppose A\= ip, and A is a discriminating Szmielew group. Then 

Ld > k = Xp + Hp y n + Kp jn _|_l + . . . . 

Hence X p < uj and so, by Proposition 12.11 A p = 0. Then 

< Kp,n + ^p,n+l + ■ ■ ■ < U), 

and so I p is finite. Then we have n < l p , and n Pt i p -i < uj. In this case A is 
not discriminating, by Proposition 12.11 A contradiction. □ 

Lemma 3.7. If (c) then ip holds in some discriminating p- Szmielew group. 

Proof. We have A = @ q A{q), where A(q) is a g-Szmielew group. Put 

A'(p) :=A(p)eZ(p°°)H. 

By Proposition 12.11 A'(p) is a discriminating p-Szmielew group. Moreover, 
A'{p) \= ip. Indeed, for any sentence 9 of one of the forms 

* fc (p,n), $ fc (p,n), Q k (p,n), T k {p,n), T k (p,n), A k (p,n) 

if A \= 9 then A'pp) \=6. □ 
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It remains to consider case (d). We will need 

Lemma 3.8. For any n > k the sentence Ti(p, k) is effectively equivalent in 
abelian groups to a positive Boolean combination of sentences of the forms 
Ti(p,n) and <&j(p,s), where k < s < n and < i,j < I. 

Proof. It suffices to show that in abelian groups Ti(p,k) is equivalent to 

l 

r'i(p,k) := Vtrj-ifafc + ljASiCp,*)). 

i=0 

A Szmielew group A satisfies k) if and only if 

fi p + K Pt k + K>p,k+i + ••• = £; 
the latter holds if and only if, for some i £ {0,1,... ,/}, 

/%> + «p,fc+i + i^ P ,k+2 H = I - i and k p ^ = i, 

which means that T[(p, k) holds in A. □ 

Let n < lo be given. Replace in ip every conjunct Ti{p, k), where k < n, 
with an equivalent positive Boolean combination of sentences of the forms 
Ti(p,n) and <&j(p, s). The resulting formula is equivalent to a disjunction 
of p-conj unctions in each of which there is no conjunct Ti{p, k) with k < n. 
Therefore it remains to prove the following statement, which allows to decide 
whether -ip holds in some discriminating p-Szmielew group, in case (d). 

Lemma 3.9. Suppose that ip has 

(a) a conjunct A± (p,n) orQo(p,n); 

(b) no conjuncts Aj.(p, m) with k ^ 1 and @k(p, m ) with k > 0; 

(c) no conjuncts Ti(p,s) with s < n. 
Then the following are equivalent: 

(1) ip fails in any discriminating p- Szmielew group; 

(2) there exist m with m < n and i > such that 

(i) &i(p, m) is a conjunct oftp, 

(ii) for every k with m < k < n there is j such that $j(p,k) is a 
conjunct oftp. 

Proof. First we show that (b) implies that ip holds in some p-Szmielew group. 
If Ai(p,n) is in ip then p n A = 0; therefore A is a direct sum of cyclic 
p-groups and hence a p-Szmielew group. Suppose Ai(p, n) is not in ip. 
Let A = (BqA(q), where each A(q) is a g-Szmielew group. Since ip is a 
p-conjunction without conjuncts of the form Afc(p, n), the p-Szmielew group 
A(p) Q satisfies ip. 

So we may assume that A is a p-Szmielew group. By (a), 

Xp = Kp tTl = = 0. 

Indeed, if Ai(p, n) is in ip then p n A = 0; if @o(p, n) is in ip then 

= Xp + Hp^n + Kp^nJf-i + . . . . 
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In particular, the set I p is finite. 

Suppose (2). Due to (i), we have K P)m = i > 0, and therefore m < l p < n. 
Let m < k < n. By (ii) ip has a conjunct &j(p, k); then k p ^ = j- So k v ^ < u 
for all k with m < k < n. In particular, k Pj i —i < to. By Proposition 12.11 in 
this case A cannot be discriminating, and (1) follows. 

Assuming that (2) is not true, we show that (1) is not true, too. 

If I p = then A itself is discriminating, by Proposition 12.11 

Suppose I p ^ 0. First we show that there is k < n such that K pr = 
for r > k, and for every j the sentence &j(p, k) is not a conjunct of ip. Let 
m = l p — 1 and i = K pm . Then m < n and i > 0. If (i) fails, put k := m. If 
(i) holds then (ii) fails, and therefore there is k with m < k < n such that 
for every j the sentence &j(p, k) is not a conjunct of ip. 

By Proposition l2.H the p-Szmielew group 74©Z(p fc+1 )( aJ -' is discriminating. 
Moreover, 

A Z(p k+1 )^ \= if;. 
Indeed, by (c) and the choice of k, a conjunct 9 of ip can have only the forms 

*j(p,r), @ (p,n), Tj(p,s), A x (p,n), 
where r ^ k and s >n, or the forms 

&(p,t), &{p,t), r j (p,t), Ai( P ,t). 

Therefore A \= 9 implies A © Z(p k+1 )^ \= 9, for all such 9. Here we use 
that s > n > k when consider 9 of the forms Qq(jj, n) and s). □ 

The proof of Theorem 13. II is completed. □ 

4. Open questions 

Proposition 4.1. T/ie theory of square-like nilpotent groups is undecidable. 

Proof. In fact, even the universal theory of square-like nilpotent groups is 
undecidable. Indeed, it coincides with the universal theory of nilpotent 
groups because any nilpotent group G embeds in the discriminating nilpo- 
tent group G u . As any finitely generated nilpotent group is residually finite, 
the universal theory of nilpotent groups coincides with the universal theory 
of finite nilpotent groups. The latter is undecidable JO]- d 

Question. Is the theory of square-like 2-step nilpotent groups undecidable? 

Note that the universal theory of square-like 2-step nilpotent groups 
is decidable. Indeed, as above, it coincides with the universal theory of 
2-step nilpotent groups and with the universal theory of finite 2-step nilpo- 
tent groups. Obviously, the universal theory of 2-step nilpotent groups is 
computably enumerable, and the universal theory of finite 2-step nilpotent 
groups is co-computably-enumerable; so the result follows. 

Thus, undecidability of the theory of square-like 2-step nilpotent groups 
cannot be shown like in the proof of Proposition 14. II In [HI Theorem 5.1] we 
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proved undecidability of the theory of square-like groups by constructing a 
discriminating group which interprets the ring of integers. 

Question. Is there a discriminating 2-step nilpotent group which interprets 
the ring of integers ? 

Existence of such a group would imply undecidability of the theory of 
square-like 2-step nilpotent groups. 
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